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In this talk we review briefly the basic features of non-critical (dissipative)
String Cosmologies, and we confront some of these models with supernova data.
We pay particular attention to the off-shell and dilaton contributions to the
dynamical evolution equations of the non-critical string Universe, as well as the
Boltzmann equation for species abundances. The latter could have important
consequences for the modification of astrophysical constraints on physically
appealing particle physics models, such as supersymmetry. The data fits show
that non-critical string cosmologies may be viable alternatives to ΛCDMmodel.
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physical Data.
1. Introduction
There is a plethora of astrophysical evidence today, from supernovae mea-
surements,1,2 the spectrum of fluctuations in the cosmic microwave back-
ground,3 baryon oscillations4 and other cosmological data, indicating that
the expansion of the Universe is currently accelerating. The energy bud-
get of the Universe seems to be dominated (by more than 70%) at the
present epoch by a mysterious dark energy component. Many theoretical
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2models provide possible explanations for the dark energy, ranging from a
cosmological constant5 to super-horizon perturbations6 and time-varying
quintessence scenarios,7 in which the dark energy is due to a smoothly
varying (scalar) field which dominates cosmology in the present era. In the
context of string theory,8,9 the most successful and mathematically com-
plete theory of quantum gravity available to date, such a time-dependent
“quintessence” field is provided by the scalar dilaton field of the gravita-
tional string multiple.10–12 The current astrophysical data are capable of
placing severe constraints on the nature of the dark energy, whose equation
of state may be determined by means of an appropriate global fit. Most
of the analyses so far are based on effective four-dimensional Robertson-
Walker Universes, which satisfy on-shell dynamical equations of motion
of the Einstein-Friedman form. Even in modern approaches to brane cos-
mology, which are described by equations that deviate during early eras
of the Universe from the standard Friedman equation (which is linear in
the energy density), the underlying dynamics is assumed to be of classical
equilibrium (on-shell) nature, in the sense that it satisfies a set of equa-
tions of motion derived from the appropriate minimization of an effective
space-time Lagrangian.
However, cosmology may not be an entirely classical equilibrium situ-
ation. The initial Big Bang or other catastrophic cosmic event, such as a
collision of two brane worlds in the modern approach to strings,9 which led
to the initial rapid expansion of the Universe, may have caused a signifi-
cant departure from classical equilibrium dynamics in the early Universe,
whose signatures may still be present at later epochs including the present
era. One specific model for the cosmological dark energy which is of this
type, being associated with a rolling dilaton field that is a remnant of this
non-equilibrium phase, was formulated12–14 in the framework of non-critical
string theory.10,15,16 We call this scenario ‘Q-cosmology’. It is of outmost
importance to confront the currently available precision astrophysical data
with such non equilibrium stringy cosmologies. The central purpose of this
talk is to present a first step towards this direction, namely a confronta-
tion of cosmological data on high-redshift supernovae17 with Q-cosmologies
and compare the results with the predictions of the conventional ΛCDM
model5 and the super-horizon model.6 Care must be taken in interpreting
the Q-cosmology scenario. Since such a non-equilibrium, non-classical the-
ory is not described by the equations of motion derived by extremising an
effective space-time Lagrangian, one must use a more general formalism to
make predictions that can be confronted with the current data.
32. Dissipative Q-Cosmology Basics
2.1. Off-shell (non-critical-string) terms and dissipative
cosmological equations
Q-cosmology are stringy cosmological models, based on the (perturbative)
formulation of σ-models propagating mostly on dilaton and graviton back-
grounds, which, however, are not world-sheet conformal invariant. The de-
viation from conformal invariance may be due to a number of reasons, for
instance cosmically catastrophic events at an early stage of the Universe
history, such as Big Bang, the collision of two (or more) brane worlds etc.
An important formal ingredient of this approach is the identification16 of
target time with the zero mode ρ of the Liouville field,15 which is an extra
world-sheet field, introduced in order to restore the conformal invariance
of the world-sheet theory. The dynamics of this latter identification is en-
coded in the solution of the generalized conformal invariance conditions,
after Liouville dressing, which read in the σ-model frame:15,16
−β˜i = gi′′ +Qgi′, (1)
where the prime denotes differentiation with respect to ρ, and the overall
minus sign on the left-hand side pertains to supercritical strings,10 with a
timelike signature of the Liouville mode, for which the central charge deficit
Q2 > 0 by convention. In physical terms, Q depends on the microscopic
details of the specific non-equilibrium string theory model at hand. For
instance, in the case of adiabatic brane world collisions with bouncing (re-
coiling) worlds,12,18,19 Q2 ∝ v4, where v ≪ 1 is the (relative) recoil velocity
of the brane worlds after the collision. Notice the dissipation, proportional
to the (square root) of the central charge deficit Q, on the right-hand side
of Eq. (1), which heralds the adjective Dissipative to the associate non-
critical-string-inspired Cosmological model. Moreover, the Weyl anomaly
coefficients β˜i, i = {Φ, gµν}, whose vanishing would guarantee local con-
formal invariance of the string-cosmology background, are associated with
off-shell variations of a low-energy effective string-inspired action, S[gj ]:
δS[g]
δgi
= Gij β˜j , Gij = Limz→0z2z2〈Vi(z, z)Vj(0, 0)〉, (2)
with z, z (complex) world-sheet coordinates, Gij the Zamolodchikov metric
in theory space of strings,8,16 and Vi the σ-model vertex operators asso-
ciated with the σ-model background field gi. It is this off-shell relation
that characterises the entire non-critical (Q) Cosmology framework, asso-
ciated physically with a non-equilibrium situation as a result of an ini-
4tial cosmically catastrophic event, at the beginning of the (irreversible)
Liouville/cosmic-time flow.
The detailed dynamics of Eq. (1) are encoded in the solution for the
scale factor a(t) and the dilaton Φ(t) in the simplified model considered
in Ref. 14, after the identification of the Liouville mode with the target
time. In fact, upon the inclusion of matter backgrounds, the associated
equations, after compactification to four target-space dimensions, read in
the so-called Einstein frame (i.e., an appropriate redefinition of the σ-model
graviton, such that the graviton-dilaton effective action has a canonically
normalised Einstein curvature scalar term10):
3H2 − ˜̺m − ̺Φ = e
2Φ
2
G˜Φ, 2H˙ + ˜̺m + ̺Φ + p˜m + pΦ = G˜ii
a2
,
















G˜Φ = e −2Φ (Φ¨− Φ˙2 +QeΦΦ˙),
G˜ii = 2a2(Φ¨ + 3HΦ˙ + Φ˙2 + (1− q)H2 +QeΦ(Φ˙ +H)) , (3)
where ˜̺m (p˜m) denotes the matter energy density (pressure), including
dark matter contributions, and ̺Φ (pΦ) are the corresponding quantities
for the dilaton dark-energy fluid. The overdots in the above equations de-
note derivatives with respect to the Einstein time, which is related to the
Robertson-Walker cosmic time tRW by t = ω tRW . Without loss of general-
ity we have taken ω =
√
3H0 whereH0 is the present-day Hubble parameter.
With this choice for ω the densities appearing in Eqs. (3) are given in units
of the critical density. In the above equations,H = a˙/a is the Hubble param-
eter and q is the deceleration parameter of the Universe q ≡ −a¨a/a˙2, and
are both functions of (Einstein frame) cosmic time. The potential Vˆall ap-
pearing above is defined by Vˆall = 2Q
2 exp (2Φ)+V where, in order to cover
more general cases, we have also allowed for a (e.g., string-loop-induced)
potential term in the four-dimensional action, − ∫ d4y√−GV . We have also
assumed a (spatially) flat Universe. The dilaton energy density and pressure







The dependence of the central charge deficit Q(t) on the cosmic time
stems from the running of the latter with the world-sheet RG scale,16,19
and is provided by the Curci - Paffuti equation20 expressing the renor-
malisability of the world-sheet theory. To leading order in an α′ expan-
sion, which we restrict ourselves here, this equation in the Einstein frame
reads:14 dG˜ΦdtE = −6e−2Φ(H +Φ˙)
G˜ii
a2 . For completeness we also state here the
continuity equation of the matter stress tensor, which is not an indepen-
5dent equation, but can be obtained from Eq. (3) by appropriate algebraic




∂Q − Φ˙(˜̺m−3p˜m) = 6(H+Φ˙) G˜iia2 .
A consistent numerical solution of a(t), Φ(t), and the various densities,
including back reaction of matter onto the space-time geometry, has been
discussed in Ref. 14, where we refer the interested reader for further study.
We note the existence of exotic matter scaling in this approach today, which
no longer scales as dust, but it includes different scaling components, e.g.
a−δ, with δ close to 4. We quote below the final result of our parametrisation
for H(z) in the Q-cosmology framework, at late eras, such as the ones






Ω3(1 + z)3 +Ωδ(1 + z)δ +Ω2(1 + z)2 , Ω3+Ωδ+Ω2 = 1 , (4)
with the densities Ω2,3,δ corresponding to present-day values (z = 0). We
stress, however, that a complete analysis of the non-critical and dilaton ef-
fects, which turn out to be important in the present era after the inclusion
of matter, requires numerical treatment.14 In view of this, the exponent
δ is treated from now on as a fitting parameter, and in fact it may even
be z-dependent to cover more general cases, and get agreement with the
numerical treatment of Ref. 14. It is important to note that the various Ωi
contain contributions from both dark energy and matter energy densities.
As explained in detail in Ref. 17, Ω3 does not merely represent ordinary
matter effects, but also receives contributions from the dilaton dark en-
ergy. In fact, the sign of Ω3 depends on details of the underlying theory,
and it could even be negative. For instance, Kaluza-Klein graviton modes
in certain brane-inspired models21 yield negative dust contributions. In a
similar vein, the exotic contributions scaling as (1 + z)δ are affected by the
off-shell Liouville terms of Q-cosmology. It is because of the similar scal-
ing behaviours of dark matter and dilaton dark energy that we reverted to
the notation Ωi, i = 2, 3, δ, in Eq. (4). To disentangle the ordinary matter
and dilaton contributions one may have to resort to further studies on the
equation of state of the various components, which we do not study here
or in.17 More generally, one could have included a cosmological constant
ΩΛ contribution in Eq. (4), which may be induced in certain brane-world
inspired models. We do not do so in this work, as our primary interest
is to fit Q-cosmology models,12–14 which are characterised by dark energy
densities that relax to zero.
62.2. Dilaton and off-shell modifications to cosmic evolution
of species abundances
The above formalism can be used to derive the dilaton and non-critical-
string effects on Boltzmann-type evolution equations22 of a number of den-
sities for certain particle physics species, playing the roˆle of dominant dark
matter candidates. In the presence of (time-dependent) dilaton and off-shell
graviton fields, that couple to matter, the phase-space density of species de-
pends on sources, f(|~p |, t,Φ(t, ρ), gµν(t, ρ)), where p is the momentum, and
ρ is the Liouville mode, which eventually is going to be identified with a
function of the target time t,16 whose form is dictated by both conformal-
field-theory and target-space dynamical considerations, such as the min-
imisation of the effective potential.18 A detailed analysis23 shows that the
Boltzmann equation for the density of species X , with mass mX , assumed
to be a dominant dark matter candidate, n =
∫
d3p f , can be written in
a compact form that represents collectively the dilaton-dissipative-source






n = Γ(t)n− 〈vσ〉 (n2 − n2eq) , Γ(t) ≡ Φ˙ +
1
2
ηe−Φgµν β˜Gravµν , (5)
where the last term on the right-hand-side of the Boltzman equation is the
collision term, expressed in terms of the thermal average of the cross section
σ times the Mo¨ller velocity v of the annihilated particles;22 η is a world-
sheet renormalization-scheme dependent parameter;16,23 for our purposes
here we work in the physical scheme η = −1. To find an explicit expression
for Γ(t) in our case requires the full solution of the Q-cosmological equa-
tions.14 Depending on the sign of Γ(t) one has different effects on the relic
abundance of the species X with density n, which we now proceed to anal-
yse briefly. Before the decoupling (‘freeze out’) time tf , t < tf , equilibrium
is maintained and thus n = neq for such an era. However, it is crucial to
observe that, as a result of the presence of the source Γ terms, neq no longer
scales with the inverse of the cubic power of the expansion radius a, which
was the case in conventional (on-shell) cosmological models. Under some
plausible assumptions, for instance that the entropy remains approximately
constant after the freeze out temperature, and that one can define a tem-
perature T for the ordinary matter degrees of freedom, but not for the ones
pertaining to (dilatonic) dark energy, we can solve the Boltzmann equation
and arrive at the dilaton and non-critical string corrections to the freeze
out temperature of, say, the lightest supersymmetric particle, χ˜, assumed



















whereby g˜eff is simply defined by
23 ̺ + ∆̺ ≡ π230T 4g˜eff . ∆̺ incorporates
the effects of the additional contributions due to the non-critical (off-shell)
terms and the dilaton dissipative source, which are not accounted for by
the ordinary matter degrees of freedom geff of conventional Cosmology.
22
Recalling that only the degrees of freedom involved in ordinary matter
energy density ρ are thermal,22 ρ = π
2
30T
4geff (T ), whilst from the dynamical
equations of Q-cosmology H2 = 8πGN3 (ρ + ∆ρ), we obtain
23 g˜eff = geff +
30
π2 T
−4∆ρ. We can also assume that the χ˜’s decoupled before neutrinos.
































, J ≡ ∫ xfx0 〈vσ〉 dx, and xf deter-
mined by Eq. (6). The merit of casting the relic density in such a form is
that it clearly exhibits the effect of the presence of the source. It is im-
mediately seen from Eq. (7) that, depending on the sign of the source Γ,
one may have increase or reduction of the relic density as compared with
the corresponding value in the absence of the source. In this way, the con-
straints imposed on supersymmetric extensions of the Standard Model from
astrophysical data,24 such as those from WMAP-satellite measurements,3
etc., based on the available bounds of, say, cold dark matter relic densities,
need to be revisited. This is left for the future.
3. Confronting Q-Cosmologies with Supernova Data
We use the type-Ia supernovae (SN) data reported in Refs. 1,2, which are
given in terms of the distance modulus µ = 5 log dL + 25, where the lu-
minosity distance dL (in megaparsecs) is related to the redshift z via the
Hubble rate H :






We note that this observable depends on the expansion history of the Uni-
verse from z to the present epoch, and recall that most of the available
supernovae have z < 1, although there is a handful with larger values of z.
8In the analysis that follows, the predictions of the following three cosmo-
logical models are investigated:



















where (1 + z)−1 = a(t) and Ψℓ0 is a free parameter.
Q-cosmology discussed in the previous sections, with H given by Eq. (4)
and three parameters to be determined by the fit: Ω3, Ωδ and δ.
Measurements are available of the distance moduli of 157 supernovae in a
so-called ‘gold’ sample,1 observed by ground-based facilities and the Hubble
Space Telescope (HST). In addition, a so-called ‘silver’ dataset of 29 SN 1a
is also available, of a slightly lesser spectrometric and photometric quality.
The analysis was also repeated including the ‘silver’ supernovae data —
with a total of 186 SN— with results comparable to those with the ‘gold’
dataset, proving the robustness of the analysis. Furthermore, we analysed
the measurements of 71 other high-redshift supernovae by the Supernova
Legacy Survey (SNLS),2 which are accompanied by a reference sample of
44 nearby SN Ia, yielding a total of 115 data points. Since the fits to the two
datasets are quite compatible,17 a combined analysis was finally performed.
For illustration purposes, both data and predictions of cosmological
models are expressed in the following as residuals, ∆µ, from the empty-
Universe (ΩM = 0) prediction. The combined sample of the ‘gold’ (157 SN)
plus the SNLS sample (71 SN), yielding a sample of 228 supernovae in total,
is shown in Fig. 1, where the predictions of the cosmological models under
study are also displayed for the best-fit parameter values.
The analysis involves minimisation of the standard χ2 function with
respect to the cosmological model parameters. The best-fit parameter values
acquired by combining the ‘gold’ sample and the SNLS supernovae datasets,
the 1σ errors and the corresponding χ2 values are listed in Table 1 for the
three cosmological models.
It is evident from Fig. 1 and Table 1 that the standard ΛCDM model
fits the supernova data very well, as expected from earlier analyses. The
super-horizon dark matter model also fits the supernova data quite well.
Both of these models are on-shell, i.e., they satisfy the pertinent Einstein’s
9z


















"Gold" & SNLS combined: residual magnitude
Fig. 1. Residual magnitude versus redshift for supernovae from the ‘gold’ and the SNLS
datasets. Predictions of cosmological models for the best-fit parameter values are super-
imposed: (i) Empty Universe; (ii) Universe with matter only, ΩM = 1; (iii) ΛCDM model;
(iv) super-horizon model; and (v) off-shell Q-cosmology model.
Table 1. Parameter values favoured by the ‘gold’ +
SNLS combined data for various cosmological models.
Models Best-fit parameters χ2 χ2/dof
ΛCDM ΩM = 0.274 ± 0.017 239 1.05
Super-horizon Ψℓ0 = −0.87± 0.06 245 1.09
Ω3 = −3.7± 1.1
Q-cosmology Ωδ = 1.3± 0.7 237 1.05
δ = 3.9± 0.3
equations. Moreover, off-shell cosmology models are also compatible with
the data. As we discussed above, off-shell effects are important in our Q-
cosmology model. Introducing the appropriate parametrisation (4) to allow
for these off-shell effects, we find that the Q-cosmology model may fit the
supernovae data as well as the standard ΛCDM model.
In Fig. 2, the Hubble parameter predictions of the various models are
compared with the data available from high-z red galaxies25,26 and from
sets of type Ia SN.27 The bands correspond to the 68% confidence intervals
deduced by the aforementioned analysis of 228 supernovae (cf. Table 1).
The SN data constrain H only up to z ≃ 1.3 with a 50% uncertainty, in
contrast to the red galaxies data, which provide stringent measurement of
H until z ≃ 1.8. The ΛCDM model is compatible with the data, however
the super-horizon model deviates from both galaxies and supernovae data.
10
Q-cosmology, on the other hand, predict higher values of H than the galax-
ies data measurements, though fully compatible with the SN data, as ex-
pected. Nevertheless, this discrepancy is hoped to be remedied by repeating
the analysis of Ref. 17 with the inclusion of a sample of 21 type-Ia super-
novae —including 13 with z > 1— recently released by HST.27 Moreover,
as remarked earlier, a z-dependent-δ parametrisation of H(z) (4) may be
necessary, as becomes clear from the highly non-linear form of the numerical
solution of some Q-cosmology models presented in Ref. 14. In fact, fitting
the numerical solution itself with the data is probably the most complete
treatment. We hope to tackle such issues in the future.
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Fig. 2. The Hubble parameter redshift relation for various cosmological models and
observational data. The bands represent 68% confidence intervals derived by the SN
analysis of Ref. 17 for the standard ΛCDM, the super-horizon and the Q-cosmology
models. The black rectangle shows the WMAP33 estimate for H0, the squares show the
measurements from SDSS galaxies,25 the triangles result from high-z red galaxies,26 and
the circles correspond to a combined analysis27 of supernovae data from Refs. 1 and 2.
For standard on-shell cosmologies, complementary information is pro-
vided by the data on baryon acoustic oscillations,4 which show up in the
galaxy-galaxy correlation function at z ∼ 0.35. However, for reasons dis-
cussed in Ref. 17, the application of such an analysis to the off-shell Q-
cosmology model is an open issue, since the underlying theoretical frame-
work needs to be re-evaluated.
4. Conclusions
In this talk, we briefly reviewed the main predictions of Q-cosmologies,
including a brief discussion about the time-dependent-dilaton and non-
critical-string effects on the Boltzmann equation for species abundances,23
11
which could lead to important modifications of the constraints imposed
by astro-physical data on interesting particle physics models, such as su-
persymmetric extensions of the standard model. Then, we discussed some
initial steps towards demonstrating17 that the available supernova data are
compatible with such non-critical-string-based cosmologies,12,14 thus im-
plying the possibility that such models may be viable alternatives to the
Standard ΛCDM model. As more precision astrophysical data are coming
into play, more stringent constraints can be imposed on our non-critical
string Q-cosmologies.
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